• The geometrisation of a PMD of type (f 0 , f i , . . . , f r ) is a PMD of type (f 0 , f 1 , . . . , f r ), where f i = (f i − f 0 )/(f 1 − f 0 ). In particular, f 0 = 0, f 1 = 1.
• PMDs are (Deza, 1978 ) the extremal case for family A of k-subsets of a given v-set intersecting pairwise in l 0 , l 1 . . . , l t elements. Namely, for v > v 0 (k), it holds:
with equality if and only if A is the hyperplane family of a PMD with type (l 0 , l 1 , . . . , l t , k, v).
Known necessary conditions for PMD
If there exists a PMD of type (0, 1, f 2 , . . . , f r ), then:
1.
is a non-negative integer for 0 ≤ i < j ≤ l ≤ r; 2.
The above necessary conditions are not sufficient; for example, (R. M. Wilson), no PMD of type (0, 1, 3, 7, 43) or (0, 1, 3, 19, 307) exists.
All known geometric PMDs
They are truncations of the following 5 examples:
• Free matroids, with f i = i for all i.
• Finite projective spaces over a field GF q , with f i = • Finite affine spaces: the points are the vectors in a vector space of rank r over GF q and f i = q i .
• Steiner systems S(t, k, v): the hyperplanes are the blocks. These PMDs have rank t + 1 and f i = i for i < t, f t = k, f t+1 = v.
• Triffids (Hall triple systems) of type (0, 1, 3, 9, 3 n ).
Triffids and their algebraic siblings
So, a triffid is any PMD of rank 4 with type (0, 1, 3, 9, 3 n ).
Those PMDs are equivalent to each of following structures:
• Hall triple system: a Steiner triple system S(2, 3, 3 n ) on E, |E| = 3 n , such that, for any point a ∈ E, there exists an involution for which a is a unique fixed point.
• Finite exponent 3 commutative Moufang loop: a finite commutative loop (L, ·), such that, for any x, y, z ∈ L, it holds (x · x) · x = 1 and (x · x) · (x · z) = (x · y) · (x · z).
• Distributive Manin quasigroup: a groupoid (Q , •), such that all translations are automorphisms and the relation x • y = z is preserved under permutation of the variables.
• Restricted Fischer pair (G, F ): a group G having commutative center {1} and generated by a subset F with x 2 = 1 = (xy) 3 and xyx ∈ F (for any x, y ∈ F ).
The problem of PMD existence
• To decide the wide gap between known examples of PMD and necessary conditions. For example, it is not known whether there is a PMD of type (0, 1, 3, 13, 183), (0, 1, 3, 13, 313), or (0, 1, 3, 15, 183).
• U. S. R. 
IIa. Hypermetrics
Hypermetric inequalities
•
• The hypermetric cone HYP n is the set of all d such that
• The cone HYP n has full dimension n 2 .
• HYP n is defined by an infinite set of inequalities, but it is polyhedral (Deza-Grishukhin-Laurent, 1993).
Three cones
A cut semi-metric on {1, . . . , n}, for S ⊂ {0, . . . , n}, is:
Cut cone CUT n is generated by all δ S ; metric cone MET n is generated by all n-vertex semi-metrics.
Deza, 1960:
• CUT n ⊂ HYP n ⊂ MET n for all n ≥ 3;
• HYP n = MET n if and only if n = 3, 4;
• CUT n = HYP n if and only if 3 ≤ n ≤ 6.
• The facets (3 n 3 , 1 orbit) of MET n and extreme rays (2
orbits) of CUT n are simple.
But direct computation of HYP n , n ≥ 7, is too hard. 
Problem: Infinite hypermetrics
• Wanted: infinitary version of the above theory.
Elements of HYP ∞ correspond to ''towers of lattices'' since any finite sub-hypermetric correspond to a lattice.
Example of difficulties: garland of hyperoctahedra K m×2 , m → ∞, is not scale-isometric subspace of H ∞ (even of Z ∞ ), while any of its n-point metric subspaces belongs to CUT n (equivalently, l 1 -embeddable).
• Some infinite hypermetrics are not Lipschitz-embeddable into l 1 , while any of their finite subspaces is l 1 -embeddable.
Arora, Lovasz et al, 2005, using Deza-Maehara, 1990: for every n ≥ 2, some n-point hypermetrics require distortion at least of order (log n ) 0.6 for embedding into l 1 .
2 ) is an isometric subspace of an Euclidean sphere (S m , l 2 ).
For which infinite hypermetrics it holds?
• • An n-point metric d is l 1 -embeddable iff d ∈ CUT n (The path-metric d G of) a finite graph G is l 1 -embeddable iff there exists its scale λ embedding into a hypercube H m , i.e., a vertex mapping φ :
• Scale 1 embedding is isometric hypercube embedding, scale 2 embedding is isometric half-cube embedding.
• • Existence of an Hadamard matrix and a finite projective plane have equivalents in terms of variety of those embeddings of β d and α d , respectively.
• The bipartite tilings are those with cells δ m , γ m and (6 3 ); all 11 such hyperbolic tilings embed into
Wythoff construction
• The type of a flag is the sequence dim(f i ).
• Given a non-empty subset S of {0, . . . , d−1}, the Wythoff (kaleidoscope) construction is a complex P(S), whose vertex-set is the set of flags with fixed type S.
• The other faces of K(S) are expressed in terms of flags of the original complex K.
Formalism of faces of Withoffian K(S)
• Set Ω = {∅ = V ⊂ {0, . . . , d}} and fix an S ∈ Ω. For subsets U, U ∈ Ω, we say that U blocks U (from S) if, for all u ∈ U and v ∈ S, there is an
This defines a binary relation on Ω (i.e., on subsets of {0, . . . , d}), denoted by U ≤ U.
• Clearly, ∼ is reflexive and transitive, i.e., an equivalence.
[U] is an equivalence class containing U.
• Minimal elements of equivalence classes are types of faces of K(S); vertices correspond to type S, edges to ''next closest'' type S with S < S , etc.
Properties of Wythoff construction
Its skeleton is bipartite and the vertices are full flags. Edges are full (maximal) flags minus some face.
In general, flags with i faces correspond to faces of dimension d − i.
Archimedean polytopes
• An Archimedean d-polytope is a d-polytope, whose symmetry group acts transitively on its set of vertices and whose facets are Archimedean (d − 1)-polytopes.
• They are classified into dimensions 2 (regular polygons), 3 (Kepler: 5 (regular) +13 + m-prisms +m-antiprisms) and 4 (Conway and Guy).
, it suffices to consider, for any non-empty subset S of {0, . . .
S) and Ico(S), 24-cell(S), 600-cell(S).
• A complex X embeds into H m or 1 2 H m if its skeleton embeds into hypercube H m with scale 1 or 2. 
Archimedean l 1 -Wythoffians with
d = 2 (non-regular) l 1 -Wythoffian n Embedding (Cuboctahedron) * = α 3 ({0, 2}) * 14 H 4 Rhombicuboctahedron= β 3 ({0, 2}) 24 J(10, 5) tr Octahedron= α 3 ({0, 1, 2}) = β 3 ({0,
-Wythoffians of regular d-polytopes
Conjecture: all such non-regular ones are 9 sporadic ones (600-cell({0, 1, 2, 3}), 24-cell({0, 1, 2, 3}), I co({0, 1, 2}); I co({0, 2}), I co({1})
following infinite series for d ≥ 2.
Cayley graph construction
• If a group G is generated by g 1 , . . . , g t , then its Cayley graph is the graph with vertex-set G and edge-set:
G is vertex-transitive; its path-distance is length of xy −1 .
• If P is a regular d-polytope, then its symmetry group is a Coxeter group with canonical generators g 0 , . . . , g d−1 and its order complex is:
).
• Cayley(G, g 0 , . . . , g n−1 ) embeds into an H m (moreover, a zonotope) for any finite Coxeter group G.
All Archimedean order complexes are zonotopes • Conjecture (Goldberg, 1933):
The polyhedron with m ≥ 12 faces having maximal IQ = 36π
IQ is abbreviation for Isoperimetric Quotient.
For solids (Schwarz,1890), it holds: IQ = 36π Non-icosahedral fullerene exceptions: retroviruses HIV, RSV and prolate shape of complex phages. 
Capsids of icosahedral viruses

Large icosahedral viruses
Archeal virus STIV, T = 31
Algal chlorella virus PBCV1
(4th: 331.000 bp), T = 169d
• Sericesthis and Tipula iridescent viruses: (12, 1), (7, 7)?
• Phytoplankton virus PpV01: T = 219, largest known T .
• 
FK space fullerene C 15
Cubic N = 24; gravicenters of cells F 28 (atoms Mg in MgCu 2 ) form diamond network (centered A 3 ). Cf. MgZn 2 forming hexagonal N = 12, variant C 14 of diamond: lonsdaleite found in meteorites, 2nd in a continuum of (2, 0, 0, 1)-structures.
FK space fullerene Z
Z is also not unique with its fraction (3, 2, 2, 0). 
Computer enumeration
Zigzags
z-knotted fullerenes
• A zigzag in a 3-valent plane graph G is a circuit such that any 2, but not 3 edges belong to the same face.
• Zigzags can self-intersect in the same or opposite direction.
• Zigzags doubly cover edge-set of G.
• A graph is z-knotted if there is unique zigzag.
• What is the proportion of z-knotted fullerenes among all F n ?
Schaeffer and Zinn-Justin, 2004, implies: for any m, the proportion, among 3-valent n-vertex plane graphs of those having ≤m zigzags goes to 0 with n → ∞.
• Conjecture: all z-knotted fullerenes are chiral and their symmetries are all possible (among 28 groups for them) pure rotation groups:
Railroads
A railroad in a 3-valent plane graph is a circuit of hexagonal faces, such that any of them is adjacent to its neighbors on opposite faces. Any railroad is bordered by two zigzags.
Railroads (as zigzags) can self-intersect (doubly or triply).
A 3-valent plane graph is tight if it has no railroad.
First IPR fullerene with self-intersecting railroad
F 96 (D 6d ); realizes projection of Conway knot (4 × 6) * .
Fullerene with triply intersecting railroad
Conjecture: the above F 176 (C 3v ) is the smallest such fullerene.
Some special fullerenes
2nd one is the case t = 1 of infinite series F 24+12t (D 6d,h ), which are the only ones with 5-gons organized in two 6-rings.
It forms, with F 20 and F 24 , unique known non-FK space fullerene tiling.
The skeleton of its dual is an isometric subgraph of 1 2 H 8 .
Tight fullerenes
• Tight fullerene is one without railroads, i.e., pairs of ''parallel'' zigzags.
• Clearly, any z-knotted fullerene (unique zigzag) is tight.
• F 140 (I) is tight with z = 28 15 (15 simple zigzags).
Conjecture: any tight fullerene has ≤ 15 zigzags.
• Conjecture: all tight fullerenes with simple zigzags are 9 known ones (holds for all F n with n ≤ 200). Conjecture: this list is complete (checked for n ≤ 200).
It gives 7 Grünbaum arrangements of plane curves.
Tight F n with simple zigzags Tight F n with simple zigzags
IVb. Zigzags and Lins triality of maps
Zigzags on 2-complexes (surface maps)
A zigzag, being a local notion, is defined on any surface, even on a non-orientable one.
Zigzags are also called left-right paths (Shank) or Petrie paths, from Petrie polygons of polytopes (Coxeter).
A map and its dual have the same zigzag vector z.
In an infinite graph, zigzags are circuits or infinite paths.
Zigzags of regular maps
A flag-transitive map is called regular. Zigzags of regular maps are simple (not self-intersecting). 
Graph-encoded maps
Given a set X and fixed-point-free involutions A, B, C on X with AB = BA and A, B, C transitive on X , the quadruple (X; A, B, C ) defines a GEM (combinatorial map) M with sets V (M), E(M), F (M), Z (M) of vertices, edges, faces, zigzags being orbit-sets of (acting on X ) groups A, C , A, B , C , B , C , AB , respectively.
For a map M = (X; A, B, C ), [ A, B , C : CA, CB ] ≤ 2: M is orientable if this rank is 2 (orienting monodromy group).
Operations dual, skew, phial are reflexions. Usual dual(M) interchanges roles of A and B; so, vertices and faces leaving edges, zigzags. Petrie dual (skew(M)) interchanges B and AB; so, faces/zigzags leaving vertices.
The group dual, skew of trialities is S 3 Sym 3 .
Example: Tetrahedron
phial(Tetrahedron) skew(Tetrahedron)
Two Lins maps on projective plane.
• Two above maps are folded (i.e. obtained by identifying opposite vertices) Octahedron and Cube.
• skew(Cube) and phial(Octahedron) are toric maps. phial(Cube) and skew(Octahedron) are maps on a non-oriented surface of genus 4, i.e., with χ = −2.
Bipartite skeleton case
Two representation of skew(Cube): on Torus and as a Cube with cyclic orientation of vertices (marked by ) reversed.
For bipartite graph embedded in oriented surface, the skew operation is, in fact, reversing orientation of one of the part of the bipartition. 
Zigzags on d-dimensional complexes
Given a flag u, there exists an unique flag σ i (u), which differs from u only in position i, i.e., in
A zigzag z is a circuit of flags (u j ) 0≤j≤l , such that u 0 = u, u j = σ n . . . σ 1 (u j−1 ); so, u 1 = (f 0 , . . . , f n−1 ).
The number of flags is called its length (it is even for odd d).
Zigzags partition the flag-set of the complex. z-vector is a vector, listing zigzags with their lengths.
A complex is polytopal if it is the face-lattice of a polytope. • Problem: Characterize self-dual spheric {4 4 }'s or, at least, their symmetries, growth as v n , parametrization.
• The gyrobifastigum (one of 92 regular-faced polyhedra) also has p = (p 3 , p 4 ) = v = (v 3 , v 4 ) = (4, 4) but it is not self-dual.
Spheric {3 6 }'s
2 ) is a 6-valent plane graph with 2-, 3-gonal faces only. So,
• Such sphere exists for any v ≥ 2 vertices, starting with Bundle 6 (2 vertices connected by 6 edges).
• Central circuit in an Eulerian (i.e., even-valent) plane graph is a circuit going only straight ahead. • all interior faces are (combinatorial) p-gons, • all interior vertices are of degree 3,
• all boundary vertices are of degree 2 or 3.
In more general (p, q)-polycycle, interior vertices have degree q and boundary ones are of degree 2, . . . , q.
Boundary sequence of (p, 3)-polycycle
The boundary sequence is the sequence of degrees (2 or 3) of the vertices of the boundary.
• The boundary sequence is defined only up to an action of D n , i.e., the dihedral group of order 2n generated by cyclic shift and reflexion.
• The invariant given by the boundary sequence is the smallest (by the lexicographic order)
representative of the all possible boundary sequences. What boundary says about its filling(s?)
• The boundary of a (p, 3)-polycycle defines it if p = 3, 4.
• A (6, 3)-polycyle is of lattice type if its skeleton is a partial subgraph of the skeleton of the partition {6
3
} of the plane into hexagons. Such (6, 3)-polycycles are uniquely defined by their boundary sequence.
• From the Euler formula, the boundary sequence of any (p, 3)-polycycle, defines its number f p of p-gons:
. If p = 6, then f 6 is also defined uniquely and v 2 = 6 + v 3 . 
equi-boundary (5, 3)-polycycles
More ambiguity
• Boundaries, admitting two non-isomorphic (p, 3)-fillings, can be obtained by adding 1 p-gon to the general example.
• There exists a boundary admitting exactly N (p, 3)-fillings for any given number N.
Example : boundary 223  5n+1 223  5n+3 223  5n+1 223 5n+3 has exactly n + 1 (5, 3)-fillings (f 5 = 20n + 6, v int = 20n + 2).
• Ambiguous boundaries exist for (p, q)-polycycles, i.e., with max. degree q and exactly q for int.
vertices.
• • Quantum Theory, Relativity Theory and Newton laws describe physical systems within 10 −15 -10 25 m.
• 10
=1 f: strong force, proton/neutron radius. Space is smooth till ∼10 −14 , roughness starts at ∼10 −32 .
At ∼ l P ≈ 1.6 × 10 −35 : quantum foam: violent warping and turbulence of spacetime; it is not described by cartesian coordinates, position measurements fail to commute. The dominant structures: multiply-connected wormholes and bubbles popping into existence and back out of it.
Uncertainty principle with x, p x being position, momentum along x-axis: x (p x ) ≥h = 1.054 × 10 −27 erg s. Quantum Mechanics, General Relativity and all Theories of Everything (unify gravity, electroweak and strong nuclear forces) indicate the existence of minimal length, where the very notion of ''distance'' looses operational meaning.
Gravitation on extreme distances
• The gravitation is untested for extreme distances.
• Newton's law was tested till 56 µm (5.6 × 10 −5 m); so, no extra dimension of ≥44 µm. It will be tested further at LHC (Large Hadron Collider, CERN). LHC and ILC (late 2010s) will measure the number, size and shape of TeV-scale (∼10 −18 m) extra dimensions.
• The existence of 2 extra dimensions of >8 microns (or 4 of >10
−12 ) will be tested via proportionality of the gravitational attraction in n-dimensional space to d 1−n .
• So, if the Universe have (compactified ''large'') 4th dimension, LHC will detect inverse proportionality to the cube of small inter-particle distance.
• General Relativity, more accurate than Newton's law, is untested on galactic and cosmological scales.
